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G-frames, which were considered recently as generalized frames in Hilbert spaces, have
many properties similar to those of frames, but not all the properties are similar. For
example, exact frames are equivalent to Riesz bases, but exact g-frames are not equivalent
to g-Riesz bases. In this paper, we ﬁrstly give a characterization of an exact g-frame in
a complex Hilbert space. We also obtain an equivalent relation between an exact g-frame
and a g-Riesz basis under some conditions. Lastly we consider the stability of an exact g-
frame for a Hilbert space under perturbation. These properties of exact g-frames for Hilbert
spaces are not similar to those of exact frames.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
The concept of frame was ﬁrst introduced by Duﬃn and Schacffer [10] to study some problems in nonharmonic Fourier
series in 1952, reintroduced in 1986 by Daubechies, Grossmann, and Meyer [9] and popularized from then on. Now the
theory of frames has begun to be widely studied by some authors and they have gotten a series of important results
(see [4,6,7]). A frame, which is a redundant set of vectors in a Hilbert space H with the property that provides non-
unique representations of vectors in terms of the frame elements, has been applied in ﬁlter bank theory [2], sigma–delta
quantization [1], signal and image processing [3] and many other ﬁelds. We refer to [6,8,23] for an introduction to the frame
theory and its applications.
Let J be a subset of integers Z . A frame for a complex Hilbert space H is a family of vectors { f j} j∈ J in H so that there
are two positive constants A and B satisfying
A‖ f ‖2 
∑
j∈ J
∣∣〈 f , f j〉∣∣2  B‖ f ‖2
for all f ∈ H. The constants A and B are called lower and upper frame bounds.
Over the last years, there has been many achievements in the applications of Riesz bases [12,25], and a lot of research
results about the characterizations and stability of Riesz bases have arisen [6,11,24]. Riesz bases, which are equivalent to
exact frames in Hilbert spaces, have become a powerful theoretical tool to research signal analysis. They can achieve better
time-frequency localization than orthogonal bases and provide more degrees of freedom to carry out their design. Some
Riesz bases can be shift invariant [12], while orthogonal bases cannot be. Recently many signiﬁcant advantages of wavelet
Riesz bases have been discovered. One of the important features of wavelet Riesz bases is the smoothness characterization
of various function spaces in terms of wavelet coeﬃcients. This property has been applied to speech processing, speech data
compression [16] and other areas.
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basis, so some authors proposed some generalized frames such as pseudo-frames [17], frames of subspaces [5] and so on.
Many generalized frames have a great help in practice. Take a popular application for example as follows, the transmission
of a network, which is in the form of their frame coeﬃcients, follows a protocol that splits data into a number of packets
having a ﬁxed size. The processing acts like the work by Oswald on stable space splittings in Hilbert spaces [18] which are
equivalent to the concept of g-frame. When such packets are sent over a network such as the Internet, the networks in
particular suffer signiﬁcantly from disturbances of individual networks or natural forces. This may lead to the loss of some
packets containing the frame coeﬃcients during the transmission. If erasures occur, then the lost packets are set to zero
due to a protocol. In order to minimize the reconstruction error in the case of lost packets, some authors apply generalized
frames and frames to error analysis [13,14].
In order to make a systematic research on the above generalized frames, Sun [19] introduced a g-frame in a complex
Hilbert space, which included the above frames in a complex Hilbert space and also proved that many basic properties of
g-frames can be shared with frames (see [15,19,20,22,24]), but there also exist some differences between a frame and a
g-frame. For example, exact frames are equivalent to Riesz bases, but exact g-frames are not equivalent to g-Riesz bases
(see [19] and [6, page 124]). After Sun introduced the concept of g-frame, he [20] considered the stability of a g-frame for a
Hilbert space under perturbation. These results are similar to the stability of a frame for a Hilbert space under perturbation
(see [20]). Whether the stability of an exact g-frame for a Hilbert space under perturbation is similar to that of a g-frame?
In this paper, we will give a necessary and suﬃcient condition for an exact g-frame in a complex Hilbert space and
discuss the problem of an equivalent relation between an exact g-frame and a g-Riesz basis under some conditions. We also
prove that the stability of an exact g-frame for a Hilbert space under perturbation is dissimilar to that of a g-frame.
Throughout this paper, U and V are two complex Hilbert spaces with inner product given by 〈·,·〉 and {V j} j∈ J is a
sequence of closed subspaces of V , where J is a subset of integers Z . L(U ,V j) is the collection of all bounded linear
operators from U into V j . The space 2({V j} j∈ J ) is deﬁned by
2
({V j} j∈ J )=
{
{a j} j∈ J : a j ∈ V j for all j ∈ J and
∑
j∈ J
‖a j‖2 < +∞
}
with inner product given by
〈{a j} j∈ J , {b j} j∈ J 〉=∑
j∈ J
〈a j,b j〉.
Then 2({V j} j∈ J ) is a complex Hilbert space.
Let {e jk}k∈K j be an orthonormal basis for V j . Deﬁne e˜ jk = {δ jieik}i∈ J for all j ∈ J , k ∈ K j , where δ ji is the Kronecker
delta. Then e˜ jk ∈ 2({V j} j∈ J ) and {e˜ jk} j∈ J ,k∈K j is an orthonormal basis for 2({V j} j∈ J ).
Now we introduce a g-frame or a g-Riesz basis in a complex Hilbert space in the following.
Deﬁnition 1.1. (See [19].) A sequence {Λ j ∈ L(U ,V j)} j∈ J is called a generalized frame, or simply a g-frame, for U with
respect to {V j} j∈ J if there are two positive constants A and B such that
A‖ f ‖2 
∑
j∈ J
‖Λ j f ‖2  B‖ f ‖2, ∀ f ∈ U . (1.1)
The constants A and B are called the lower and upper g-frame bounds, respectively.
If the right-hand inequality of (1.1) holds, then we say that {Λ j} j∈ J is a g-Bessel sequence for U with respect to {V j} j∈ J
with bound B .
We call {Λ j} j∈ J a tight g-frame for U with respect to {V j} j∈ J if A = B .
We call {Λ j} j∈ J an exact g-frame for U with respect to {V j} j∈ J if it ceases to be a g-frame whenever any one of its
elements is removed.
We call this family a g-frame for U with respect to V whenever V j = V , ∀ j ∈ J .
If {Λ j} j∈ J is a g-Bessel sequence for U with respect to {V j} j∈ J with bound B , then we can deﬁne a bounded linear
operator Q as follows:
Q : 2({V j} j∈ J )→ U, Q (g) =∑
j∈ J
Λ∗j g j,
where g = {g j} j∈ J ∈ 2({V j} j∈ J ), we call it synthesis operator for the g-Bessel sequence. The adjoint operator of Q is deﬁned
as follows:
Q ∗ : U → 2({V j} j∈ J ), Q ∗( f ) = {Λ j f } j∈ J ,
we call that the adjoint operator Q ∗ of Q is an analysis operator.
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(i) If { f : Λ j f = 0, j ∈ J , f ∈ U} = {0}, then we say that {Λ j} j∈ J is g-complete for U .
(ii) If {Λ j} j∈ J is g-complete for U and there are two positive constants A and B such that
A
∑
j∈ J1
‖g j‖2 
∥∥∥∥
∑
j∈ J1
Λ∗j g j
∥∥∥∥
2
 B
∑
j∈ J1
‖g j‖2,
for any ﬁnite subset J1 ⊂ J and g j ∈ V j , j ∈ J1, then we say that {Λ j} j∈ J is a g-Riesz basis for U with respect to
{V j} j∈ J . The constants A and B are called the lower and upper g-Riesz bounds.
Deﬁnition 1.3. (See [15].) Suppose that {Wi}i∈I is a family of subspaces of U , where I ⊂ J . If span{Wi}i∈I = U , then we call
that {Wi}i∈I is complete for U .
Lemma 1.4. (See [19].) If {Λ j ∈ L(U ,V j)} j∈ J is a g-frame for U with respect to {V j} j∈ J with bounds A and B, then the g-frame
operator S : U → U deﬁned by
S f =
∑
j∈ J
Λ∗jΛ j f
is a bounded self-adjoint and invertible operator.
Let Λ˜ j = Λ j S−1 . Then {Λ˜ j ∈ L(U ,V j)} j∈ J is also a g-frame for U with respect to {V j} j∈ J with bounds B−1 and A−1 and satisﬁes
f =
∑
j∈ J
Λ∗j Λ˜ j f =
∑
j∈ J
Λ˜∗jΛ j f , ∀ f ∈ U .
2. Main results and their proofs
In order to derive our main results, we need the following lemmas.
Lemma 2.1. (See [19].) Suppose that {e jk}k∈K j is an orthonormal basis for V j for each j ∈ J . Let Λ j ∈ L(U ,V j), u jk = Λ∗j e jk . Then
{Λ j} j∈ J is a g-frame, g-Riesz basis for U with respect to {V j} j∈ J if and only if {u jk} j∈ J ,k∈K j is a frame, Riesz basis for U . Moreover, the
g-frame operator for {Λ j} j∈ J coincides with the frame operator for {u jk} j∈ J ,k∈K j .
Lemma 2.2. (See [6].) { f j} j∈ J is a Riesz basis for U if and only if { f j} j∈ J is an exact frame for U . Moreover, if { f j} j∈ J is an exact frame
for U , then { f j} j∈ J and {S−1 f j} j∈ J are biorthogonal, where S is a frame operator for { f j} j∈ J .
Lemma 2.3. Let {Λ j ∈ L(U ,V j)} j∈ J be a family of operators, and for each j ∈ J , let {e jk}k∈K j be an orthonormal basis for V j . Then
the following conditions are equivalent.
(1) {u jk} j∈ J ,k∈K j is complete for U , where u jk = Λ∗j e jk .
(2) {Λ∗j (V j)} j∈ J is complete for U .
(3) {Λ j} j∈ J is g-complete for U .
Proof. (1) ⇔ (2). This follows from Lemma 3.5 of [15].
Now we prove (2) ⇒ (3). Suppose that there exists an f ∈ U such that Λ j f = 0 for all j ∈ J . Then we have
0= 〈Λ j f , f j〉 =
〈
f ,Λ∗j f j
〉
for all f j ∈ V j , j ∈ J . It implies that f ⊥ span{Λ∗j (V j)} j∈ J . Since {Λ∗j (V j)} j∈ J is complete for U , we have f = 0. Therefore
{Λ j} j∈ J is g-complete for U .
(3) ⇒ (2). Suppose that there exists an f ∈ U such that f ⊥ span{Λ∗j (V j)} j∈ J . Then we have
0= 〈 f ,Λ∗j f j 〉= 〈Λ j f , f j〉
for all f j ∈ V j specially for Λ j f ∈ V j . Hence we obtain
0= 〈Λ j f ,Λ j f 〉 = ‖Λ j f ‖2
for all j ∈ J . It follows that f = 0. Hence {Λ∗j (V j)} j∈ J is complete for U . 
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(1) The sequence {Λ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J .
(2) The sequence {Λ j} j∈ J is a g-frame for U with respect to {V j} j∈ J , and {Λ j} j∈ J , j = j0 is not g-complete for U for every j0 ∈ J .
Proof. (1) ⇒ (2). Since {Λ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J , {Λ j} j∈ J is a g-frame for U with respect
to {V j} j∈ J and {Λ j} j∈ J , j = j0 is not a g-frame for U with respect to {V j} j∈ J , j = j0 for every j0 ∈ J . By Corollary 3.6 in [19],{Λ j} j∈ J , j = j0 is not g-complete for U for every j0 ∈ J .
(2) ⇒ (1). Suppose that {Λ j} j∈ J is a g-frame for U with respect to {V j} j∈ J and {Λ j} j∈ J , j = j0 is not g-complete for U
for every j0 ∈ J , by Lemma 2.3, {Λ∗j (V j)} j∈ J , j = j0 is incomplete for U for every j0 ∈ J , then by Proposition 3.4 in [15],
{Λ j} j∈ J , j = j0 is not a g-frame for U with respect to {V j} j∈ J , j = j0 for every j0 ∈ J . Hence {Λ j} j∈ J is an exact g-frame for U
with respect to {V j} j∈ J . We complete the proof. 
In [6], Theorem 6.1.1 shows that an exact frame for U is equivalent to a Riesz basis for U , but from Example 3.4 or
Example 3.5 of [19], an exact g-frame for U with respect to {V j} j∈ J is not equivalent to a g-Riesz basis for U with respect
to {V j} j∈ J . So under what conditions is an exact g-frame for U with respect to {V j} j∈ J equivalent to a g-Riesz basis for U
with respect to {V j} j∈ J ?
Theorem2.5. LetΛ j ∈ L(U ,V j), j ∈ J , and {e jk}k∈K j be an orthonormal basis for V j for each j ∈ J . Then the following two conditions
are equivalent:
(1) {Λ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J and
〈
Λ∗j1e j1k1 , Λ˜
∗
j2
e j2k2
〉= δ j1 j2δk1k2 , ∀ j1, j2 ∈ J , k1 ∈ K j1 , k2 ∈ K j2 , (2.2)
where δ j1 j2 , δk1k2 are the Kronecker deltas.
(2) {Λ j} j∈ J is a g-Riesz basis for U with respect to {V j} j∈ J .
Proof. (1) ⇒ (2). Let g j1 ∈ V j1 , g j2 ∈ V j2 , suppose that g j1 =
∑
k∈K j1 a j1ke j1k, g j2 =
∑
k∈K j2 b j2ke j2k for all j1, j2 ∈ J , where
{a j1k}k∈K j1 , {b j2k}k∈K j2 ∈ 2.
If j1 = j2, then we have
〈
Λ∗j1 g j1 , Λ˜
∗
j2
g j2
〉=
〈 ∑
k∈K j1
a j1kΛ
∗
j1
e j1k,
∑
k∈K j2
b j2kΛ˜
∗
j2
e j2k
〉
=
∑
k∈K j1
∑
k∈K j2
a j1kb¯ j2k
〈
Λ∗j1e j1k, Λ˜
∗
j2
e j2k
〉
= 0
= δ j1 j2〈g j1 , g j2〉.
If j1 = j2, then we have
〈
Λ∗j1 g j1 , Λ˜
∗
j1
g j1
〉=
〈 ∑
k∈K j1
a j1kΛ
∗
j1
e j1k,
∑
k∈K j1
a j1kΛ˜
∗
j1
e j1k
〉
=
∑
k∈K j1
a j1ka¯ j1k
〈
Λ∗j1e j1k, Λ˜
∗
j1
e j1k
〉
=
∑
k∈K j1
a j1ka¯ j1k
= δ j1 j1〈g j1 , g j1〉.
Hence we obtain
〈
Λ∗j1 g j1 , Λ˜
∗
j2
g j2
〉= δ j1 j2〈g j1 , g j2〉 (2.3)
for all j1, j2 ∈ J .
Now we prove that {Λ j} j∈ J is a g-Riesz basis for U with respect to {V j} j∈ J .
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0=
〈∑
j∈ J
Λ∗j g j, Λ˜
∗
j0
g j0
〉
=
∑
j∈ J
〈
Λ∗j g j, Λ˜
∗
j0
g j0
〉= 〈g j0 , g j0〉, ∀ j0 ∈ J .
It follows that g j0 = 0 for all j0 ∈ J , so {Λ j} j∈ J is an 2({V j} j∈ J )-linearly independent family. By Theorem 2.8 in [24],{Λ j} j∈ J is a g-Riesz basis for U with respect to {V j} j∈ J .
(1) ⇐ (2). Suppose that {Λ j} j∈ J is a g-Riesz basis for U with respect to {V j} j∈ J , then according to Corollary 3.3 of [19],
{Λ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J , and by Lemma 2.1, {u jk} j∈ J ,k∈K j is a Riesz basis for U . Let S be
a g-frame operator for {Λ j} j∈ J , by Lemma 2.1 again, S is also a frame operator for {u jk} j∈ J ,k∈K j .
Now we show that equality (2.2) holds.
Since {u jk} j∈ J ,k∈K j is a Riesz basis for U , by Lemma 2.2, we have
δ j1 j2δk1k2 =
〈
u j1k1 , S
−1u j2k2
〉= 〈Λ∗j1e j1k1 , S−1Λ∗j2e j2k2
〉= 〈Λ∗j1e j1k1 , Λ˜∗j2e j2k2
〉
for all j1, j2 ∈ J , k1 ∈ K j1 , k2 ∈ K j2 . So equality (2.2) holds. 
Corollary 2.6. Let Λ j ∈ L(U ,V j), j ∈ J . Then the following two statements are equivalent:
(1) {Λ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J and〈
Λ∗j1 g j1 , Λ˜
∗
j2
g j2
〉= δ j1 j2〈g j1 , g j2〉, ∀ j1, j2 ∈ J , g j1 ∈ V j1 , g j2 ∈ V j2 . (2.4)
(2) {Λ j} j∈ J is a g-Riesz basis for U with respect to {V j} j∈ J .
Proof. From Theorem 2.5, we need only to prove that (2.4) is equivalent to (2.2). From the proof of Theorem 2.5, we see
that (2.2) implies (2.4).
For the converse, suppose that equality (2.4) holds, then for any j1 = j2, g j1 = e j1k1 , g j2 = e j2k2 , k1 ∈ K j1 , k2 ∈ K j2 ,〈
Λ∗j1e j1k1 , Λ˜
∗
j2
e j2k2
〉= 0= δ j1 j2δk1k2
and for e j1k1 ∈ V j1 , e j1k2 ∈ V j1 , k1,k2 ∈ K j1 ,〈
Λ∗j1e j1k1 , Λ˜
∗
j1
e j1k2
〉= δk1k2 = δ j1 j1δk1k2 .
So (2.4) implies (2.2). 
Corollary 2.7. Suppose that dimV j = 1, j ∈ J , then {Λ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J if and only if {Λ j} j∈ J
is a g-Riesz basis for U with respect to {V j} j∈ J .
Proof. Suppose that {Λ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J with a g-frame operator S . From dimV j = 1
for j ∈ J , we can let V j = span{e j} with ‖e j‖ = 1. Since Λ j f ∈ V j for all f ∈ U , j ∈ J , we have Λ j f = c je j , c j ∈ C . Let
Λ∗j e j = u j , then we obtain
c j = 〈c je j, e j〉 = 〈Λ j f , e j〉 =
〈
f ,Λ∗j e j
〉= 〈 f ,u j〉.
It follows that Λ j f = 〈 f ,u j〉e j for all f ∈ U , j ∈ J . Hence for every subset J1 ⊂ J , we obtain∑
j∈ J1
‖Λ j f ‖2 =
∑
j∈ J1
∥∥〈 f ,u j〉e j∥∥2 = ∑
j∈ J1
∣∣〈 f ,u j〉∣∣2, ∀ f ∈ U .
It implies that {u j} j∈ J is an exact frame for U . Since S is a g-frame operator for {Λ j} j∈ J , by Lemma 2.1, S is also a frame
operator for {u j} j∈ J , then by Lemma 2.2, we have
δ j1 j2 =
〈
u j1 , S
−1u j2
〉= 〈Λ∗j1e j1 , S−1Λ∗j2e j2
〉= 〈Λ∗j1e j1 , Λ˜∗j2e j2
〉
for all j1, j2 ∈ J . Hence from Theorem 2.5, Corollary 2.7 holds. 
Remark 2.8. Theorem 2.4 is an important characterization of an exact g-frame for U with respect to {V j} j∈ J , which plays
a key role in studying the stability of an exact g-frame for a Hilbert space. In Theorem 2.5, we make clear the relationship
between an exact g-frame and a g-Riesz basis. From Corollary 3.3 in [19], a suﬃcient condition was given for a g-Riesz
basis, but from Corollary 2.6, we present a necessary and suﬃcient condition for a g-Riesz basis. Let V j = V = C and
Λ j ∈ L(U ,V j) for all j ∈ J . By the Riesz representation [21], there exists f j ∈ U such that Λ j(·) = 〈·, f j〉 for j ∈ J . It is easy
to see that Λ∗(c) = cf j for all c ∈ C . Hence by Corollary 2.7 and Theorem 2.5, we can obtain Proposition 5.4.8 in [6].j
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Theorem 2.9. (See [20].) Suppose that {Λ j} j∈ J is a g-frame for U with respect to {V j} j∈ J with bounds A and B. Suppose that Γ j ∈
L(U ,V j) and there exist constants λ,β,μ 0 such thatmax{λ+μ/
√
A, β} < 1 and one of the following two conditions is satisﬁed:
(∑
j∈ J
∥∥(Λ j − Γ j) f ∥∥2
)1/2
 λ
(∑
j∈ J
‖Λ j f ‖2
)1/2
+ β
(∑
j∈ J
‖Γ j f ‖2
)1/2
+ μ‖ f ‖, ∀ f ∈ U
or ∥∥∥∥
∑
j∈ J1
(
Λ∗j − Γ ∗j
)
g j
∥∥∥∥ λ
∥∥∥∥
∑
j∈ J1
Λ∗j g j
∥∥∥∥+ β
∥∥∥∥
∑
j∈ J1
Γ ∗j g j
∥∥∥∥+ μ
(∑
j∈ J1
‖g j‖2
)1/2
for any ﬁnite subset J1 ⊂ J and g j ∈ V j, j ∈ J1 , then {Γ j} j∈ J is a g-frame for U with respect to {V j} j∈ J with bounds
((1− λ)√A − μ)2
(1+ β)2 ,
((1+ λ)√B + μ)2
(1− β)2 .
In fact, we can see from the proof of Theorem 3.1 in [20] that Theorem 2.9 also holds, if the condition λ,β  0 is
changed into λ,β ∈ (−1,1).
Now we discuss the stability of exact g-frames. Whether the similar result is true for an exact g-frame in a complex
Hilbert space? The answer is negative. We give a counterexample in the following.
Example 2.10. Let J be the set of integers, and let {e j} j∈ J be an orthonormal basis for U , V j = span{e j, e j+1}. Deﬁne
bounded linear operator Λ j : U → V j as follows:
Λ j f = 〈 f , e j〉e j, ∀ f ∈ U .
First we show that {Λ j} j∈ J is a g-frame for U with respect to {V j} j∈ J . Let f be an arbitrary element of U , then we have∑
j∈ J
‖Λ j f ‖2 =
∑
j∈ J
∥∥〈 f , e j〉e j∥∥2 = ‖ f ‖2.
For any g j ∈ V j , j ∈ J , suppose that g j = c je j + c j+1e j+1, then〈
Λ∗j g j, f
〉= 〈g j,Λ j f 〉 = 〈c je j + c j+1e j+1, 〈 f , e j〉e j 〉= c j〈 f , e j〉 = 〈c je j, f 〉, ∀ f ∈ U .
It follows that Λ∗j g j = c je j . Since {e j, e j+1} is an orthonormal basis for V j , j ∈ J , we obtain
u j1 = Λ∗j e j = e j, u j2 = Λ∗j e j+1 = 0, ∀ j ∈ J ,
hence {u jk} j∈ J ,k∈K j = {e1,0, e2,0, . . . , e j,0, . . .}. For any j0 ∈ J , we have
{u jk} j∈ J\{ j0},k∈K j = {e1,0, e2,0, . . . , e j0−1,0, e j0+1,0, . . .}.
Since span{u jk} j∈ J\{ j0},k∈K j = span{e j} j∈ J , j = j0 = U , {u jk} j∈ J\{ j0},k∈K j is incomplete for U . From Lemma 2.3 and Theo-
rem 2.4, we obtain that {Λ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J .
Let ε ∈ (0,1), and deﬁne the bounded linear operator Γ j : U → V j as follows:
Γ j f = Λ j f + ε〈 f , e j+1〉e j+1, ∀ f ∈ U .
Similarly we have
Γ ∗j g j = c je j + εc j+1e j+1, u˜ j1 = e j, u˜ j2 = εe j+1, ∀ j ∈ J ,
then {u˜ jk} j∈ J ,k∈K j = {e1, εe2, e2, εe3, . . . , e j−1, εe j, e j, εe j+1, . . .}.
Now we show that {Γ j} j∈ J is not an exact g-frame for U with respect to {V j} j∈ J .
In fact, let j0  2, j0 ∈ J , then span{u˜ jk} j∈ J\{ J0},k∈k j = span{e j}∞j=1 = U . By Lemma 2.3 and Theorem 2.4, we see that
{Γ j} j∈ J is not an exact g-frame for U with respect to {V j} j∈ J .
On the other hand, for any f ∈ U , j ∈ J , we have
(∑∥∥(Λ j − Γ j) f ∥∥2
)1/2
=
(∑∥∥ε〈 f , e j+1〉e j+1∥∥2
)1/2
 ε‖ f ‖,j∈ J j∈ J
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∥∥∥∥
∑
j∈ J1
(
Λ∗j − Γ ∗j
)
g j
∥∥∥∥
∥∥∥∥
∑
j∈ J1
εc j+1e j+1
∥∥∥∥ ε
(∑
j∈ J1
‖g j‖2
)1/2
.
Deﬁnition 2.11. Let { f i}i∈I , {gi}i∈I ⊂ U , I ⊂ J . If there exists an isomorphism T : U → U such that T fi = gi for all i ∈ I , then
we call that { f i}i∈I is equivalent to {gi}i∈I .
Lemma 2.12. Let {e jk}k∈K j be an orthonormal basis for V j for each j ∈ J , and suppose that {Λ j} j∈ J , {Γ j} j∈ J are g-frames for U with
respect to {V j} j∈ J with synthesis operators Q 1, Q 2 , respectively. Then the following conditions are equivalent:
(1) {u jk} j∈ J ,k∈K j and {u˜ jk} j∈ J ,k∈K j are equivalent, where u jk = Λ∗j e jk , u˜ jk = Γ ∗j e jk .
(2) ker Q 1 = ker Q 2 .
Proof. (1) ⇒ (2). Suppose that there exists an isomorphism T : U → U such that Tu jk = u˜ jk for all j ∈ J , k ∈ K j , then
T Q 1e˜ jk = Tu jk = u˜ jk = Q 2e˜ jk for all j ∈ J , k ∈ K j , since {e˜ jk} j∈ J ,k∈K j is an orthonormal basis for 2({V j} j∈ J ), we conclude
that T Q 1 = Q 2. It immediately implies that ker Q 1 = ker Q 2.
(2) ⇒ (1). Since {Λ j} j∈ J , {Γ j} j∈ J are g-frames for U with respect to {V j} j∈ J , by Theorem 2.4 in [24], the synthesis
operators Q 1, Q 2 : 2({V j} j∈ J ) → U are onto, respectively. Hence Q i |(ker Q i)⊥ : (ker Q i)⊥ → U , i = 1,2 are invertible (see [21,
Theorem 6.3, page 29]).
Now we prove that Q 2(Q 1|(ker Q 1)⊥ )−1u jk = u˜ jk .
Let 2({V j} j∈ J ) = ker Q 1⊕(ker Q 1)⊥ , then for e˜ jk ∈ 2({V j} j∈ J ), e˜ jk = a jk+b jk , a jk ∈ ker Q 1 = ker Q 2, b jk ∈ (ker Q 1)⊥ , we
have u jk = Q 1e˜ jk = Q 1(a jk + b jk) = Q 1b jk . Since Q 1|(ker Q 1)⊥ : (ker Q 1)⊥ → U is invertible, we obtain (Q 1|(ker Q 1)⊥ )−1u jk =
b jk . Therefore we have
u˜ jk = Q 2(e˜ jk) = Q 2(a jk + b jk) = Q 2b jk = Q 2(Q 1|(ker Q 1)⊥)−1u jk.
Now we need only to prove that Q 2(Q 1|(ker Q 1)⊥ )−1 : U → U is invertible.
Suppose that there exists an f ∈ U such that Q 2(Q 1|(ker Q 1)⊥ )−1 f = 0, then (Q 1|(ker Q 1)⊥ )−1 f ∈ ker Q 2 = ker Q 1. Since
(Q 1|(ker Q 1)⊥ )−1 : U → (ker Q 1)⊥ is invertible, (Q 1|(ker Q 1)⊥ )−1 f ∈ (ker Q 1)⊥ . It follows that (Q 1|(ker Q 1)⊥ )−1 f = 0, hence
f = Q 1(Q 1|(ker Q 1)⊥ )−1 f = 0. It implies Q 2(Q 1|(ker Q 1)⊥ )−1 : U → U is one-to-one.
Since Q 2|(ker Q 2)⊥ : (ker Q 2)⊥ → U is onto, for any f ∈ U , there exists an f0 ∈ (ker Q 2)⊥ = (ker Q 1)⊥ such that
Q 2|(ker Q 2)⊥ f0 = f , since (Q 1|(ker Q 1)⊥ )−1 : U → (ker Q 1)⊥ is onto, for f0 ∈ (ker Q 1)⊥ , there also exists an f1 ∈ U such that
(Q 1|(ker Q 1)⊥ )−1 f1 = f0, hence we obtain that Q 2(Q 1|(ker Q 1)⊥ )−1 f1 = f . It also implies that Q 2(Q 1|(ker Q 1)⊥ )−1 : U → U is
onto. We complete the proof. 
From Lemma 2.3, Theorem 2.4 and Lemma 2.12, we have the following corollary.
Corollary 2.13. If {Λ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J and dimV j < +∞, j ∈ J , then {Λ˜ j} j∈ J is also an exact
g-frame for U with respect to {V j} j∈ J .
Theorem 2.14. Suppose that {Λ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J with bounds A and B. Let λ,β ∈ (−1,1) and
dimV j < +∞, j ∈ J . If {Γ j ∈ L(U ,V j)} j∈ J satisﬁes∥∥∥∥
∑
j∈ J1
(
Λ∗j − Γ ∗j
)
g j
∥∥∥∥ λ
∥∥∥∥
∑
j∈ J1
Λ∗j g j
∥∥∥∥+ β
∥∥∥∥
∑
j∈ J1
Γ ∗j g j
∥∥∥∥ (2.5)
for any ﬁnite subset J1 ⊂ J and g j ∈ V j , j ∈ J1 , then {Γ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J with bounds
A
(
1− λ
1+ β
)2
, B
(
1+ λ
1− β
)2
. (2.6)
Proof. Since {Λ j} j∈ J is a g-frame for U with respect to {V j} j∈ J with bounds A and B , from Theorem 2.10 in [24], {Γ j} j∈ J
is a g-frame for U with respect to {V j} j∈ J with bounds given by (2.6), and from Theorem 2.4 in [24], we can deﬁne the
bounded operator
Q 1 : 2
({V j} j∈ J )→ U, Q 1({g j} j∈ J )=∑Λ∗j g jj∈ J
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B . For every {g j} j∈ J ∈ 2({V j} j∈ J ) and any ﬁnite subset J1 ⊂ J , by the inequality (2.5), we obtain
∥∥∥∥
∑
j∈ J1
Γ ∗j g j
∥∥∥∥ 1+ λ1− β
∥∥∥∥
∑
j∈ J1
Λ∗j g j
∥∥∥∥ (1+ λ)‖Q 1‖1− β
(∑
j∈ J1
‖g j‖2
)1/2
.
Hence the series
∑
j∈ J Γ ∗j g j converges in U . The inequality (2.5) implies∥∥∥∥
∑
j∈ J
(
Λ∗j − Γ ∗j
)
g j
∥∥∥∥ λ
∥∥∥∥
∑
j∈ J
Λ∗j g j
∥∥∥∥+ β
∥∥∥∥
∑
j∈ J
Γ ∗j g j
∥∥∥∥. (2.7)
Since {Γ j} j∈ J is a g-frame for U with respect to {V j} j∈ J , from Theorem 2.4 in [24] again, we can also deﬁne the bounded
operator
Q 2 : 2
({V j} j∈ J )→ U, Q 2({g j} j∈ J )=∑
j∈ J
Γ ∗j g j,
by inequality (2.7), for every g = {g j} j∈ J ∈ 2({V j} j∈ J ), we have
∥∥Q 1(g) − Q 2(g)∥∥ λ∥∥Q 1(g)∥∥+ β∥∥Q 2(g)∥∥. (2.8)
Since λ,β ∈ (−1,1), from (2.8), we have ker Q 1 = ker Q 2. By Lemma 2.12, {u jk} j∈ J ,k∈K j and {u˜ jk} j∈ J ,k∈K j are equivalent,
where u jk = Λ∗j e jk, u˜ jk = Γ ∗j e jk .
Now we show that {Γ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J .
Since {Λ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J , by Theorem 2.4 and Lemma 2.3, {u jk} j∈ J\{ j0},k∈K j
is incomplete for U for all j0 ∈ J , hence for any j0 ∈ J , {u˜ jk} j∈ J\{ j0},k∈K j is also incomplete for U . By Lemma 2.3 and
Theorem 2.4 again, {Γ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J . 
Theorem 2.15. Suppose that {Λ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J with bounds A and B. Let λ,β ∈ (−1,1) and
dimV j < +∞, j ∈ J . If {Γ j ∈ L(U ,V j)} j∈ J satisﬁes
(∑
j∈ J1
∥∥(Λ j − Γ j) f ∥∥2
)1/2
 λ
(∑
j∈ J1
‖Λ j f ‖2
)1/2
+ β
(∑
j∈ J1
‖Γ j f ‖2
)1/2
(2.9)
for any ﬁnite subset J1 ⊂ J and f ∈ U , j ∈ J1 , then {Γ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J with bounds
A
(
1− λ
1+ β
)2
, B
(
1+ λ
1− β
)2
. (2.10)
Proof. Since {Λ j} j∈ J is a g-frame for U with respect to {V j} j∈ J with upper bound B , for any ﬁnite subset J1 ⊂ J , we have∑
j∈ J1
‖Λ j f ‖2 
∑
j∈ J
‖Λ j f ‖2  B‖ f ‖2, ∀ f ∈ U . (2.11)
By the triangle inequality, we have
(∑
j∈ J1
∥∥(Λ j − Γ j) f ∥∥2
)1/2

(∑
j∈ J1
‖Γ j f ‖2
)1/2
−
(∑
j∈ J1
‖Λ j f ‖2
)1/2
. (2.12)
Then by (2.9), (2.11), (2.12), we have
(∑
j∈ J1
‖Γ j f ‖2
)1/2
 1+ λ
1− β
(∑
j∈ J1
‖Λ j f ‖2
)1/2
 (1+ λ)
√
B
1− β ‖ f ‖.
Hence the series
∑
j∈ J ‖Γ j f ‖2 converges in C . The inequality (2.9) implies
(∑
j∈ J
∥∥(Λ j − Γ j) f ∥∥2
)1/2
 λ
(∑
j∈ J
‖Λ j f ‖2
)1/2
+ β
(∑
j∈ J
‖Γ j f ‖2
)1/2
.
By Theorem 3.1 in [20], {Γ j} j∈ J is a g-frame for U with respect to {V j} j∈ J with bounds given by (2.10).
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( ∑
j∈ J\{ j0}
∥∥(Λ j − Γ j) f ∥∥2
)1/2
 λ
( ∑
j∈ J\{ j0}
‖Λ j f ‖2
)1/2
+ β
( ∑
j∈ J\{ j0}
‖Γ j f ‖2
)1/2
. (2.13)
By the triangle inequality again, we have
( ∑
j∈ J\{ j0}
∥∥(Λ j − Γ j) f ∥∥2
)1/2

( ∑
j∈ J\{ j0}
‖Γ j f ‖2
)1/2
−
( ∑
j∈ J\{ j0}
‖Λ j f ‖2
)1/2
. (2.14)
Hence from (2.13), (2.14), we have
( ∑
j∈ J\{ j0}
‖Γ j f ‖2
)1/2
 1+ λ
1− β
( ∑
j∈ J\{ j0}
‖Λ j f ‖2
)1/2
. (2.15)
Now we prove that {Γ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J . From Theorem 2.4, we need only to prove
that {Γ j} j∈ J , j = j0 is not g-complete for U for all j0 ∈ J .
Since {Λ j} j∈ J is an exact g-frame for U with respect to {V j} j∈ J , then from Theorem 2.4, {Λ j} j∈ J , j = j0 is not g-complete
for U for all j0 ∈ J , i.e., there exists f ∈ U , f = 0 such that Λ j f = 0 for all j ∈ J\{ j0}, j0 ∈ J . By (2.15), there also exists
f ∈ U , f = 0 such that Γ j f = 0 for all j ∈ J\{ j0}, j0 ∈ J . Hence {Γ j} j∈ J , j = j0 is not g-complete for U for all j0 ∈ J . We
complete the proof. 
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